ABSTRACT. The class of knots consisting of twisted Whitehead doubles can have arbitrarily large free genus but all have genus 1.
Introduction.
Let if C S3 be a knot. The free genus of K denoted by 0 gf(K) is the minimal genus of all Seifert surfaces S for K such that tti(S3-N(S)) is free. Let g(K) denote the genus of K. Note that g¡(K) > g(K) for all knots. It is conjectured (see [1, Problem 1.20a] ) that the difference between the free genus and the genus can be arbitrarily large. In this paper we show that the conjecture is true by considering twisted Whitehead doubles.1 The conjecture will follow from the following theorem. Let Kn be the connected sum of n trefoils and let fc = -1. Then |4fc + 1| = 3 and rank Hi(B3(Kn)) = In. From the theorem it follows that £//(£>_ i(Kn)) > (4n -l)/6 while g(D-i(Kn)) -1. Let n -* co and the conjecture follows. I would like to thank Professor C. Mc A. Gordon for many useful conversations concerning this work.
Terminology
and preliminary lemmas. Let K C S3 be an unoriented knot in S3. N(K) will denote a tubular neighborhood of K. The exterior of K is X = 53-N(K). Let /: (S1 x D2) -> N(K) be the 0 framing homeomorphism that is [/(S1 x *)] = 0 G Hi(X) for * G dD2. Choosing an orientation for K determines a longitude meridian pair \,p G Hi(dX) as follows:
where * € dD2 and p = [/(* x dD2)], *gSx.
Let r -m/n where m, n G Z, n = 0 is allowed. The manifold obtained by doing Dehn surgery of type r on K is X U/, S1 x D2
where h: S1 x dD2 -► dX is a homeomorphism such that [h(* x dD2)] -mp + nX G Hi(dX).
We need the following three lemmas. LEMMA 2. Let G be a finitely generated group and H G G be a subgroup of finite index k in G. Then
The proofs of the above lemmas will appear in §4.
Lemma 3. Hi(B2(Dk(K)))^Zl4k+il.
REMARK. This can be proved easily by computing the Seifert matrices for Dk(K).
We will prove it via the following construction which is needed for the main theorem. is equivalent to the matrix (4fc + 1) so Hi(B2(Dk(K))) is a cyclic group of order |4fc + 1| generated by ßi, the image of pi in Z|4fc+i|. 
